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Abstract

In this paper, we introduce a novel integral transform termed the two-sided Quaternion Hyperbolic
Windowed Fourier Transform (ts-QHWE'T), designed for the analysis of two-dimensional quaternion-
valued signals defined in an open rectangle of the plane equipped with a hyperbolic measure. We
investigate the basic properties of the ts-QHWEFT, including modulation, hyperbolic translation, hy-
perbolic dilation, Moyal’s identity, and an inversion formula, which are essential for our analysis.
The proposed ts-QHWFT enables the construction of quaternionic hyperbolic Gabor frames employ-
ing innovative time-frequency analysis tools such as the relativistic version of the Wiener space of
quaternion-valued signals, the hyperbolic Poisson summation formula, and the correlation function.
We then establish hyperbolic analogs of Walnut’s and Janssen’s representations of the quaternionic
Gabor frame, as well as quaternionic versions of the Wexler-Raz biorthogonality and Ron-Shen dual-
ity. We also provide a detailed characterization of quaternionic hyperbolic tight Gabor frames. This
algebraic approach provides a hyperbolic counterpart of the corresponding results in the quaternionic
Euclidean scenario. Finally, as an application, we demonstrate the utility of the proposed ts-QHWFT
for the analysis of two-dimensional linear space-varying hyperbolic systems, illustrating the results
of this work.

Keywords: Quaternion hyperbolic windowed Fourier transform, Quaternionic hyperbolic Poisson
summation formula, Quaternionic hyperbolic Gabor frames, Quaternion hyperbolic frame operator,
Walnut’s representation, Janssen’s representation, Wexler-Raz biorthogonality.
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1. Introduction

Much research has focused on generalizing the real and complex Fourier Transforms (FTs) to
higher dimensions. The four-dimensional Hamilton’s quaternions, a natural extension of real and
complex numbers, have garnered attention due to their multiple applications in applied mathematics,
physics, and engineering. The generalization of the standard F'T to quaternion space has led to
various forms of the Quaternion Fourier Transform (QFT) with non-commutative exponential kernels,
including the right-sided, the left-sided, and the two-sided QFTs. Most of the primary results for
the QFTs have been established within Euclidean geometry, notably in the study of Payley-Wiener
theorems [16, 20), 39] and uncertainty principles [3, 8, 26, 28, 37, 38, 44 [45]. Extensions of the
results of the QFTs to the hyperbolic case, the so-called Quaternion Hyperbolic Fourier Transforms
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(QHFTs), were recently developed by Ferreira and Morais [18] for the right-sided and the two-sided
QHFTs and extended for the right-sided Quaternion Hyperbolic Linear Canonical Transform in [40)].
The standard FT lacks the capability to capture local information of non-stationary signals. The
Windowed Fourier Transform (WET), a generalization of the F'T, has gained considerable attention
due to its effectiveness in treating mathematical problems that the F'T could not otherwise handle,
with important applications in signal analysis, optics, and signal recovery. The main advantage of
the WFT is the flexibility in the local spectral and temporal information received from a signal. The
Heisenberg-Weyl uncertainty principle can easily demonstrate this circumstance, proven for the FT,
the QFT [8], and recently for the QHFT [I8]. We overcome this issue by multiplying the signal
with translations and modulations of a given window function. This window plays a fundamental
role in reconstructing the (modified) signal. The Quaternion Windowed Fourier Transform (QWET)
was introduced in [4] (see also [5, 19 [B1]). These results were later refined by Ell et al. [15],
who developed an operational calculus for this transform, further highlighting its significance in the
context of hypercomplex signal analysis and processing.

In [4, 5], Bahri et al. conducted an in-depth study of the right-sided QWFT, establishing its fun-
damental properties, such as the reconstruction formula, orthogonality relations, isometry property,
and a Heisenberg-type uncertainty principle for this transform. However, the non-commutativity
of quaternions presents significant challenges when attempting to extend properties like shift and
modulation using this approach. In [19], the authors defined the two-sided QWFT and proved the
Balian-Low Theorem for a quaternionic Gabor system associated with discrete versions of the kernels
of the right-sided QWF'T. This system forms an orthonormal basis for the Hilbert space of square-
integrable quaternion-valued Lebesgue measurable functions. The two-sided version of the QWFT
has played a primary role in understanding and solving problems in signal analysis and processing,
and it is linked to Biilow’s notion of a hypercomplex signal [6]. Further developments on the QWFT
and its relation to quaternionic Gabor frames can be found in [32H36].

While the existing results for the right-sided and two-sided QWFTs are captivating in the con-
tinuous case, from a practical standpoint, it becomes necessary to work with a discrete set of data.
This data is typically structured to resemble a (multi-dimensional) lattice with parameters «, 8 > 0.
This setup led to the development of Gabor frames and the Gabor frame operator based on the two-
sided QWFT using time-frequency analysis tools |7, 23-H25]. The variety of these outcomes in signal
processing underscores the need for a suitable hyperbolic analogue within the context of quaternionic
analysis.

The goals of this article are as follows:

1. To introduce the two-sided Quaternion Hyperbolic Windowed Fourier Transform (ts-QHWEFT)
associated with quaternion-valued signals defined in an open rectangle of the Euclidean plane
endowed with a hyperbolic measure.

2. To derive the main properties of the new transform, including hyperbolic translation, modula-
tion, hyperbolic dilation, Moyal’s identity, and its inversion formula.

3. To describe the relativistic version of the Wiener space that arises from the periodization
of quaternion-valued signals, along with the hyperbolic Poisson summation formula and the
correlation function, and to compute the corresponding Gabor frames in a quaternionic Hilbert
space.

4. To prove Walnut’s and Janssen’s representations of quaternionic Gabor frames and explore
hyperbolic versions of duality principles, such as the Wexler-Raz biorthogonality relations and
the Ron-Shen duality principle.

5. To apply the proposed ts-QHWEFT to analyze two-dimensional linear space-varying hyperbolic
systems.

The body of the present paper will cover the following topics: Section [2] introduces the notation
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and preliminary material, focusing on the necessary results required for the subsequent sections.
Section 3] presents the ts-QHWEFT using the hyperbolic geometry language and derives some of its
elementary properties, such as hyperbolic translation, modulation, hyperbolic dilation, Moyal’s iden-
tity, and the inversion formula. The ts-QHWEFT is defined by replacing the Euclidean plane waves
with corresponding hyperbolic relativistic plane waves of the FT in one dimension, where two quater-
nion algebra generators replace the role of the imaginary unit, a fundamental feature to maintain
the separation between the two dimensions. The non-commutativity of the Hamiltonian quaternion
algebra allows for different forms of the QHWFT. In Section ] we use the proposed ts-QHWFT
to construct quaternionic hyperbolic Gabor frames, employing time-frequency analysis tools such as
the relativistic version of the Wiener space of quaternion-valued signals and the hyperbolic Poisson
summation formula. Besides, we prove hyperbolic analogs of Walnut’s and Janssen’s representations
of quaternionic Gabor frames, as well as quaternionic versions of the Wexler-Raz biorthogonality
relations and the Ron-Shen duality principle. Besides, a detailed characterization of quaternionic
hyperbolic tight Gabor frames associated with the new transform is also investigated. In Section
we illustrate the application of the ts-QHWEFT by analyzing two-dimensional linear space-varying
hyperbolic systems. Concluding notes are given in Section [6]

The proposed ts-QHWEFT not only extends the known properties of the ts-QWFT in the standard
Euclidean case but also unifies the rich canonical structure of Quaternionic Analysis across both
Euclidean and hyperbolic spaces. This unifying aspect underscores the novelty of our research within
Quaternionic Analysis, making it a significant and compelling area of further study.

2. Preliminaries and terminology

2.1. Hyperbolic tools

Recent literature has highlighted the use of hyperbolic manifolds as embedding spaces for machine
learning and computational tasks (e.g., |2] and references therein). This growing interest underscores
the importance of developing tools for hyperbolic signal analysis and processing, a key aspect of our
research.

For the extension of Euclidean geometry to the hyperbolic case, we first need to set the background
based on a relativistic setting. Let ¢1,t, > 0 be any fixed positive constants. We consider an open
rectangle centered at the origin in the two-dimensional Euclidean space R? defined by

R1521,t2 = {X = (37171‘2) & RQZ |ZL’1| < tq, |$2| < 19, 11,1ty € R+} (1)

= Rtl X tha

where Rtk = (—tk,tk), k= 1,2
The relativistic (hyperbolic) addition and the scalar multiplication in R, ,, are defined compo-
nentwise by

T1+ Y1 To+ Yo 9
1+%71+$2y2 ()
tl

2
t2

XDy = (11D Y1, T2 DY) = (

and

ARXx=(A® 2, A® x9) = <t1 tanh ()\ tanh ™! (%)) , ta tanh ()\ tanh ™! (%))) (3)
1 2
for all x,y € R} ,, and all A € R.
It turns out that the abelian group (R7, ,,, ®) is a vector space (R} ,,,®, ®). In this notation, the
additive identity for the vector space is the element 0 = (0,0) € R} , , satisfying 0 ® x = x for all



X € thm, and the additive inverse for the element x € thm Is OX € ]thm, such that ©x ® x = 0.

(We note that in this case, ©x = —x.) Moreover, it follows that x ©y = x @ (©y). It is to be noted

that in the limit of large ¢; and t,, t1,t; — 00, the rectangle ]tht2 expands to the whole of the space

R?. As we see from (2) and (3), limy, 1,00 XDy = (21 +y1, T2 +y2) and limy, 4, 00 A@X = (Az1, Az2)

for all x,y € Rflm and all A € R. These limits will play a fundamental role in subsequent sections.
The isomorphism between <R?1,tz> ®,®) and (R?, +, x) is manifested by the mapping

h(x) = (tl tanh ™' (?),tg tanh ™' (%)), xeR;

1 2

and both algebraic structures agree in the limit of large ¢, and t, t1,t; — oo.
In what follows, we found it convenient to introduce a special symbol to denote the extension of
the hyperbolic space variable x € R, ,, to the whole of the space R* by setting

X = (£17£2) = (tl tanh ! (%),tz tanh ™! (%)) € R%.

1 2

Moreover, the restriction of the variable x € R* to R, will be denoted by X by setting

X = (T1,%2) = <t1 tanh (ﬂ>,t2 tanh <?>> eR; ... (4)

ty 2

2.2. Quaternions, quaternion modules, and the two-sided QHFT

Hamilton introduced the quaternion algebra H as an extension of the complex numbers to four
dimensions. This algebra can be described as the set of elements of the form

q = qo+ qi+ qj + g3k,

where the ¢;’s (i = 0,1,2,3) are the components of the quaternion ¢ which are assumed to be real,
and the i, j, k are the elements of the basis of the algebra satisfying besides the associative law also
the multiplication rules given below

ij=—ji=k, i2=j=k>=-1.

A quaternion ¢ can be written as ¢ = qo + ¢, where the scalar and vector parts of q are defined,
respectively, by Sc(q) = ¢o and q =1iq1 + jq2 + kgz. The conjugate of a quaternion ¢ is defined by

q=15c(q) —q=qo—iq1 — jg — kgs,

with the property that the conjugate of a product is the product of the conjugates in the reverse
order, i.e., pg = qp, for all p,q € H. The (algebraic) norm of q is defined by |q|* = q7 = qq = 2?:0 Q.
It further follows that |pq| = |p| |g|, for all p,q € H.

In this paper, we are concerned with the class of quaternionic signals

fiRy, »H
such that for x € R , ,
fX) = fo(x) +ifi(x) +if2(%) + Kk fs(x)

or, equivalently, in a symmetric form as

f(x) = fo(x) +ifi(x) + fa(x)j +ifs(x)], (5)

where the f;’s (i =0, 1,2,3) are real-valued functions defined in Rflh.
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Definition 2.1. A function f: R?hm — H is said to be even in the first variable if f(—x1,22) =
f(x1,22) for all (z1,22) € RF .

Given the tensorial nature of the quaternionic kernels appearing in the two-dimensional QHFTs,
it is convenient to introduce the quaternionic hyperbolic relativistic plane waves on Ry, , k= 1,2.

Definition 2.2 ([I8]). Let t1,ty € RT, and let ¢ =1 for k =1 and q = j for k = 2. For (z1,23) €
thm and (wi,wy) € R?, the 1D quaternionic hyperbolic plane waves are defined by

T —Tq Witk
1+ .
ewkik(‘rk) B k=12 (6)

tg

It turns out that we can write (6]) as

x
1+ %k
+tk

—7q wity In (73% > —1 (=g
1—Zk —27q witg tanh = -2
Cup th (xk) =e /= e /) = e “TIWkRLK, (7)

Here ¢ =i for k =1 and ¢ = j for k = 2. (We will often adopt this notation throughout the paper.)
Since the quaternionic multiplication is generally not commutative,

6727T(p+r)£kwk — 6727rp§kwk6727rrgkwk

does not hold unless the quaternions p and r commute.

Definition 2.3. The spaces LP(R} , ,H), 1 < p < oo, are defined to be the left modules of all
measurable quaternion-valued functions f defined on Rflm satisfying the condition | f|P € Ll(]Rt21 1> R)
(abbreviated as L*(R7 ,,)), with norm

Wl = { .

t1,to

1/p
|f(X)|de(X)> < 00,

where du(x) denotes the hyperbolic measure on ]thm gen by

2 2

AN 5\ 1
du(x) = du(xq) dp(zs) = ( - E) ( - t_2> dxy dxs.
For p = oo, the space LOO(R?1 1> H) contains the essentially bounded measurable functions f Rtl 7
H with norm

||f||Loo(R§17t2,H) = €8s SupxeRfl’tQ | f(x)] < o0.

The notation used above conceals the fact that du(x) depends on ¢; and .
The primary space L*(R? , ,H) is endowed with the usual definition of the (left-) quaternionic
inner product given by

e o = [, SO0 du(x) (8)

2
t1,to

for all f,g € Lz(]Rf1 tQ,H). It is a (left) quaternionic Hilbert space with the associated norm
112 r2

1/2
t1,to L (f f)LQ RZ2 . H)"

t1,t9”



We can also endow the space L2(1Rt1 1,» H) with a positive definite symmetric bilinear form (known
as the scalar inner product), defined by

(fs @) 2@ H) = SC((f 9) 12 (R2

R, o tq,tg?

)= [, Sl a09) dut) Q

t1,t2

It turns out that (9) does not define an inner product in L?*(R?

#1.4, H) seen as an H-linear space
because it is not homogeneous for quaternionic scalars.

Definition 2.4 ([18]). We say that an H-valued function f on R? Lta is rapidly decreasing if for every
m > 0, supycpe  |X|"|f(x)| < oo. We further denote by S( i1.tpo 1) the Schwartz space of all

rapidly decreasing H-valued smooth functions on Rtl,tw defined by

S(Rfltz, H) = {fECOO( e H) : Va, 8 € N?,  sup |X°‘85f(x)|<oo},

xER?l,Q
where x* = z{"x5%. The hyperbolic partial derivatives Oy f /O0xy, k = 1,2, are defined by
Oh . 1 D€ xa) — flx, 2
01—y Hr ) Sl
and
Onf f(x1,20 ® €) — [(21,20)

i
O — (21, 29) = lim ;

We have the following definition of the two-sided QHFT, which gives the hyperbolic counterpart
of the corresponding Euclidean two-sided QFT [I3HI5] (see also [9] 27, 29] ).

Definition 2.5 ([I8]). The two-sided Quaternionic Hyperbolic Fourier Transform (ts-QHFT) of a
quaternionic signal f is defined as Fou(f): R7 ,, — H, where

= (nen) o> Fanlf)(w) = [ €209 e 5 duf), (10)

t1,t2

A sufficient condition for the integral to exist is that f € Ll(]R?1 1o, H). It can also be shown that the
integral exists if f € L*(R7 ,, . H).

We refer to x as the hyperbolic-space variable and w as the angular-frequency variable.

Since |e”?Mnn f(x)e ?Mw2| = | f(x)| for all x € R} t2 and (wi,ws) € R? it follows that if f is
absolutely integrable in Rt 1> then the ts-QHFT given as is well-defined, and the corresponding
integral converges absolutely for (w1, ws) € R2. Additionally, it is important to maintain a fixed order
for the factors in because the kernels e 2™k = 1,2, do not generally commute with every
element of the quaternion algebra.

Using the mapping , we may expand the proposed ts-QHFEFT to the whole of the space R? as
follows:

FQH(f) (w) — / 6—27rix1w1f(§)€—27rj Tow2 delde‘g.
R2

By (), it follows that Fou(f) = f has the symmetric representation into H-valued functions:

F(w) = fo(w) +ifi(w) + fo(w)j +ifs(w)i,



where f; = Fou(fi)(w) for i =0,1,2,3.

We refer to [18] for detailed information on the fundamental properties of the ts-QHFT, including
linearity, symmetry, modulation, hyperbolic translation, and scaling. In addition, the inversion
formula, the Plancherel and Parseval Theorems for the ts-QHFT were also derived in [I8]. These
results are as follows:

Theorem 2.1 (Inversion formula). Let f € L'(R? ,,,H). The components of f can be reconstructed
via the inversion formula

fi(%) = Fou (f)(x) = / AT fi(w)eP dw,  i=0,1,2,3 (11)

]R2

for a.e. x € Rtl +,» whenever the integral exists. A sufficient condition for the integral to exist is that

Fou(f) € Ll(R2 H).

Theorem 2.2 (Plancherel’s Theorem). Let f,g € L*(R} ,,,H). The two-sided QHFT satisfies
Plancherel’s identity with respect to the scalar product @D, namely

(Fau(f), For(9)) 2@ m = (f,9) 2@z, ,_m)- (12)

Further, if f (or g) is an even function in the first variable then Plancherel’s identity also holds for
the quaternionic product , i.e.,

(Fou(f), Fou(9))r2@2m = (f, 9) r2w2

Corollary 2.1 (Parseval’s Theorem). Let f € L*(R7 ,,,H). The two-sided QHFT satisfies
Parseval’s identity, namely

(13)

t1,to> H)-

IFou(Nlz@m = [1fllr2@, ,, m- (14)

t1,t2°

In Section [3] we take a step further and introduce the ts-QHWFT, a novel extension of the
ts-QHFET that leads to the hyperbolic analogue of the Euclidean ts-QWEFT.

2.83. Frame theory revisited

The theory of frames, first introduced by R.J. Duffin and A.C. Schaeffer [I1], has been widely
studied. Frames are applied in diverse areas, including sampling theory [1], operator theory [22],
and wireless communications [42]. They offer a generalization of the concept of a basis in separable
Hilbert spaces.

Definition 2.6 ([10]). A sequence {e,: n € N} in a (separable) Hilbert space H is called a frame if
there exist positive constants 0 < A < B < oo such that for all f € H,

A5 < Y1 fen) | < B3 (15)

neN

The constants A and B in are called frame bounds. We refer to a tight frame if A = B and a
Parseval frame if A= B = 1.

Definition 2.7 ([21]). For any frame {e,: n € N}, the analysis operator C is defined by

Cf = {{f.en) :m € N},



the reconstruction operator D for a finite sequence ¢ = {c,: n € N} is given by

Dc = E Cn€ns

neN

and the frame operator S is then defined by

Sf=DCf =Y (f e en

neN

It is easy to see that the frame operator S is positive, self-adjoint, and invertible in H.

Definition 2.8 ([21]). Let {e,: n € N} be a countable set in a Banach space B. The series ) én
is said to converge unconditionally to f € B, if for every e > 0, there exists a finite subset Fy C N
such that

IfF=> lls<e

ner
for all finite subsets F' O Fy,.
The following result characterizes expansions in a Hilbert space using the frame operator.

Theorem 2.3 ([21]). Let {e,,: n € N} be a frame with frame operator S. Then every f in the Hilbert
space H has the non-orthogonal expansion

F=Y (f.5eayen, VfEH

neN

The family {S~'e,: n € N} is itself a frame, called the canonical dual frame. If {e,: n € N} is a
frame but not a Riesz basis, there exists a dual frame {g,: n € N} such that

F=Y {fgn)fns VFEH

neN
For a tight frame, we have (Sf, f) = Al f||3,, which implies that S = AI; whence,

f= %ZU, enen, YV feEH.

neN

3. The ts-QHWFT

In this section, we introduce the ts-QHWFT and derive some of its properties, including Moyal’s
identity, its inversion formula, and the analogue of the Poisson summation formula. The ts-QHWFT
is not linear with respect to quaternionic scalars. We further define the relativistic version of the
Wiener space, which serves as an appropriate space for selecting window functions in hyperbolic
Gabor analysis. We then prove a fundamental result about the boundedness of functions in the
Wiener space. The treatment given here represents a generalization of the work in [7] and [24],
underscoring the relevance of our contribution.



3.1. Definition and examples

We begin by introducing three classes of operators that will play a key role in our analysis of
quaternionic Gabor frames. Their definitions are as follows. For x,b € R} , and w = (wi,w;) € R?,

Tvf(x) = f(x©Db), translation by b, (16)

E(f) = f(x) du(x), mean operator, (17)
R’%lth

M, (f)(x) = e M0 f(x)e 2 Law2 modulation by w. (18)

oo

For ¢ = (¢n)nezz € (*(H) (i.e., quaternionic sequences (cn)nez2 such that ¢

consider the modulation by x acting on ¢ by

cal? < 00), we

Cc M,’m(c) = (6_2”@1"1cne_%j@?"?)nezz. (19)

We note that the operators M, and M, are quaternionic non-linear operators. Further, these

operators can be used to describe the ts-QHFT as follows:

Fou(f)(w) = E(Mu(f))-

Now, we are in a position to introduce the ts-QHWEFT, which gives the hyperbolic counterpart
of the corresponding Euclidean ts-QWFT introduced by Bahri et al. in [4]. Since the ts-QHFT only
gives global information about the behavior of f, we use a real-valued window function to obtain
information on the local properties of the signal. (The derivation of the ts-QHWFT with respect
to a quaternion-valued window function is also possible, but we do not dwell further here on this
structure.)

Definition 3.1 (The ts-QHWFT). Let g € LZ(Rt217t2,R) be a non-zero, real-valued function. The
ts-QHWFT of f € L*(R}, ,,,H) with respect to the window (or cut-off) g is defined as

Q,fw.b) = [ E f(x)g(x 0 ble T du (20)

t1,to

= E(My(fTo 9)),
where (w,b) € R* X R, , .

The proposed ts-QHWFET may be expanded to the whole of the space R? as follows:
Qyf(w,b) = / e 2R (T T)g(F1 — bi, Ty — by) € 72N 22 dpy dvy.
R2

Some examples of possible two-dimensional window functions are the hyperbolic Gaussian function

defined by

1 _2f+ad

e 22, o>0, (21)

g1(x:0) = 2mo?

and the hyperbolic Haar window function defined by
92(x)
1 1
1, 0 S l’l/tl S tanh (ﬁ)’ 0 S .Z'Q/tg S tanh (%)
=< —1, tanh (i) < x1/t; < tanh (i), tanh (ﬁ) < x9/ty < tanh (%) ) (22)

0, otherwise



Figure 1: Representation of the function with o = 2 in RZ .

Figure [1{ shows the hyperbolic Gaussian function in the hyperbolic spatial domain Rg}lo.

We give a first example, calculating the ts-QHWFT of the hyperbolic Gaussian function f(x) =
91(x; o) using the Haar window function (22)). From Definition we have

1 . .
Q. f(w,b) = 902 / 6727"21“’1e’(§%+§§)/(2"2)g2(x O b)e 242 (%)
R

2
t1,to

1 1
L2 s —a/(20%) 2 iz —x3/(20)
= e MEtem /ST (1) e B2/ 2T (1)
Vo2
Yixea by b
ob 16b
1 1&b1 o 2 2 2 . .2 2
_ 2_2 3 e 2ﬂ1§1w16 z7/(20 )d/L(LL'l) 3 e 27r_]g2wge x5 /(20 )d,u(xg).
mTo 1 1
5®b1 5®ba
2 2

After the change of variables x, = y, k = 1,2, we obtain

1 3t . 2 2 by . 2 2
Quflwb) = gy [ ey, [1 i e gy,
b b

2mo?
91 Z2
1 1+ . 2 2 %+Q2 : 2 2
_ > e~ 2miyiwn —yi/ (20 )dyl / e~ 2miyaw2 o —y3 /(20 )dyg.
2mo %'ﬁ‘bl %'f‘bz

These integrals can be calculated using the erf function, erf(z) = (2/y/7) [ e "dt, z € C, resulting
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in
Qy, f(w,b) = — e 2o wited)

217rw10 +0 dimwio? +2b, + 1
erf( ) — erf( )
2v/20

y (erf<2j7rw20'2 + l_)z) orf <4j7r(,u202 + 2b, + 1)
V20 220

dimwio? + 2b; + 1 2iTw 0?2 +2b, + 1
— erf( ) — erf( )
220 V20

4jmwso? + 2by + 1 2jTwe0? + 2by + 1
X erf( ) — erf( ) .
220 V20

The four components of the ts-QHWEF'T separate four symmetry cases in the form

Qf(w,b) = /R cos(zyw1) cos(zywa) f(x)g(x © b) dpu(x)

2
t1,tg

<[ i) coszgen) Fxlgx )
+ i/R2 sin(z,wy ) sin(zyws) f(%x)g(x © b) j du(x). (23)

Figure [2 shows some of the basis functions of the real part of the ts-QHWEFT with respect to the
window function g; (x; 3) defined by in the frequency domain (wy,ws) € {1/16,1/8,1/4,1/2,1/220} x
{0,1/2,1/6,1/12,1/24}.

Wy

X

r"
=

L

Figure 2: The small images are intensity images of the scalar part of the basis function in , for t; = 20 and t2 = 10.

Now, employing , we show in Figure 3 the 4-components of the ts-QHWEFT of the signal f
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defined in R3; , by

f(x) = cos(4z,) e sin(2z,) e 2 H(xq) H(xs),

where H is the Heaviside function, with respect to the Haan window function defined in R%o,m by

g(x) = cos?(mxy) cos?(mas), —1/2< 2,29 <1/2.

%1078

-0.01
5

1' \
.’ \\
‘\\\\ \\\“\\ MR
.‘ \
S \}:\\\\\\.

ol

-0.01
5

Figure 3: The signal f in the first quadrant of R3, ,, (top left), the Haan window function with support in [—1/2,1/2]?

(top right), the real part of . middle left), the i-component of (middle right), the j-component of (bottom
left), and the k-component of (bottom right).

3.2. Properties

In the following proposition, we state the main operational properties of the proposed ts-QHWEF'T.

(We omit the proof of these properties since they are more or less analogous to the ones associated
with the Euclidean ts-QHFT.)
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Proposition 3.1. Let f1, f, € L*(R} ,,,H), g € L*(R} ,,.R), y € R} ,,, wo € R?, and A € R\{0}.
We have
1. (Linearity)
(a) Qg[afl + Bf2](w7b) = anfl(wa) =+ ﬁng2(w7b)7 fO?" Oé75 eR S in
(b) Qylfic/ + foff'l(w,b) = Qyfi(w,b) &/ + Qyfo(w,b) #', for o/, ' € R® jR.
2. (Hyperbolic translation)

Qu[Ty fl(w,b) = e M8 Q, f(w, b O y)e *Hha2; (24)
3. (Modulation)
QQ[M—wo (f)](w7 b) = ng(w — Wo, b)v (25)
4. (Hyperbolic dilation/scaling)
. 1 W1 Wa
Qg[Nx 2o fl(w, b) = m@(]\%’ég)f«/\—l, )\—2>,)\ ® b>, (26)

where Ny, », f(X) = f(A ® 21, Ag ® x9).

We will now derive two versions of Moyal’s identity for the ts-QHWET with respect to the
quaternionic inner product (8) and the scalar inner product ({9).

Theorem 3.1 (Moyal’s identity). Let fi, fo € L*(R? ,,,H) and g1,9> € L*(R?, ,,). Then Qg fi €
L?*(R? x Rfl’tg,H) for k =1,2, and it satisfies Moyal’s identity with respect to the scalar inner product
@D, namely

<Qg1f1, Qggf2>L2(R2xR§M2,H) = (91792)L2(R§17t2)<f17 f2>L2(R2 H)- (27)

ty,t2?
Further, if f1 and g1 (or fo and go) are even in the first variable, then Moyal’s identity also holds
with respect to the quaternionic inner product , i.€e.,

(lefl, Qg2f2)L2(]R2><]Rfl’t2,H) = (glaQQ)LQ(Rfl’t2)<f17f?)LQ(RQ H)- (28)

t1,t9”

Proof. We first prove (28). Assume that the window functions gy, g» are in L*(R7, ,,). As a result,
fiTvgr € L*(R? ,,,H), k = 1,2, for all b € R} ,. With the help of the proof of Plancherel’s
Theorem for the ts-QHFT [I8, Theorem 3.31| (which holds under the assumption of the even
partial symmetry property in the first variable of f; and g; or fs and g) and Fubini’s Theorem, we
obtain

/R - lefl(w’b)mdwdu(b)

= /R /}R2 E(Mw(flTbgl)) E(Mw (fQTbQQ)) dw d#(b)

= [ (], e bR E D) i) du(b)

t1,t2 t1,t2

_ /  hG0RE)( / _ 91(x©b)g:(x 5 b) du(b)) du(x)

t1,t2 t1,t2

= (f1>f2)(91,92)-

The last step follows from the change of variable x ©b =y and the hyperbolic translation invariance
property of the measure du. The proof of is similar by employing (12)). O

13



Corollary 3.1. If fi = fo = f € L*(R} ,,,H) and g, = g, = g € L*(R} ,,), then we have

HngHH(R?xR? i) = HQHH ®R2, ) HfHLQ(R?LtQ,H)-

As a consequence, for g € L*(R7 ,,) with HgHLz(Rt ,) = 1 we obtain Parseval’s identity
2

19 ooz o iy = Il eogez

for all f € L*(R7 ,,H), ie., the proposed ts—QHWFT is an isometry from L*(R? , H) to
L*(R? x R?l 1> HD).

We now derive an inversion formula for the ts-QHWEF'T, which shows that the original signal f
can be reconstructed from Q,4, and g; by means of an inversion formula.

Theorem 3.2 (Inversion formula). Let f € L*(R} ,,,H) and let g1, g, € L*(R} ,,) be two non-zero,
real-valued windows which are not orthogonal to each other over ]thm. The inversion formula for

the ts-QHWFT given by . 18

f(x) = W/ / e?Mnr g f(w,b)gi(x © b)e*™ L2 duw du(b) (29)

whenever the integral exists. A suﬁczent condition for that is For(Qg, f) € L'(R* x R, ,,, H).
Proof. A first observation shows that the ts-QHWEFT can be written as
Q. f(w, b) = Fou(g2(x ©b) f(x))(w).
By applying the inversion of the ts-QHFT, we obtain
92(x ©b) f(x) = Fop[ Q. f(w, b)) (x)

= /R2 eMn g flw, b)e?™ w2 du.

71 ol )

Multiplying both sides of the above relation by gi(x © b) and integrating over R} , with respect to
b, it follows that

£ [ xS Dalox 1) )

t1,t2

=[] e 0y e bl x 0 ) dus du().
R2 R2

t1,t2

The statement of the theorem follows from the relation

[, oxevnxebdb) = [ abn®) ) = om0,

t1,t2 t1,t2

O

The reconstruction formula (29)) can be rewritten with the help of the operators defined above,
which will be helpful for the rest of this paper. We have

1 . .
f(X) = W /RQ /2 e2mizyw Qggf(w, b)€27r.]§2w291(x o b) dw d,u(b)

1
B W /R? /2 M-., QQQf(wv b)Tbgl(X) dw dlu(b)

1
|(91 92) R, ,, JR?

In the large limits of ¢; and s, i.e., t,t5 — 00, the inversion formula reduces to the corresponding
result for the Euclidean ts-QWFT; see [7].

M_o, E(Mo(f)Tog1)Tog1(x) dw dp(b).
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3.3. Quaternionic hyperbolic Gabor frames

The idea of periodization arises naturally in time-frequency analysis and Gabor frames [21]. We
will now establish these ideas in the hyperbolic setting. From now on, we assume that the lattice
point & = (o, az) is such that 0 < a; < t; and 0 < as < to for any fixed positive constants
t1,ta > 0, and denote by Qo = [0, 1] % [0, 3] a rectangle inside R? , . Moreover, we denote by
Q = Q7 = [0,tytanh(1/t)] x [0,%tanh(1/t;)] the hyperbolic unit rectangle inside R, , , where
1 = (t; tanh(1/¢;), ts tanh(1/t,)).

We extend the fundamental property of periodization within the hyberbolic context as follows:

Lemma 3.1 (Periodization). Let f € L'(R? ,,,H). For a given lattice point o = (v, ) with
0<a; <ty and 0 < ag < ty, we have

/Rz =Y | fixene et (30)

Proof. Since f € L'(Rf , ,H), by Fubini’s Theorem, the integral and the sum on the right-hand
side of can be interchanged. Moreover, using the change of variable x & n ® a = y and the
hyperbolic translation invariance property of the measure du, direct computation shows that

| Y rxensayd =Y | Vduty) = [ 1) duty).

* neZ? neZ? Qa@n®a t1,tg

where the last equality holds since lim,, 1 np ® o = *tg, & = 1,2, and hence the translated
rectangles

Qa®n®a=[n@a, (i +1)®ai] X [ng® ay, (n2 +1) @ ay]
form a partition of R, .. O

The following result extends Lemma 3.3, given in [I8|, which offers a quaternionic hyperbolic
version of the Poisson summation formula associated with the proposed ts-QHWFT.

Lemma 3.2 (Quaternionic hyperbolic Poisson summation formula). Let f € S(R? ,,,H). For a
given lattice point @ = (a1, az) with 0 < oy < t1 and 0 < ay < to, the series

Y fxen®a)

nez?
converges in L*([0, ay] x [0, as)), and
1 miz, L m; m T Ly 2
D fxen@a) = —— 3 e MEE Fyy () (2, T2 )i (31)
nez? & Qy e Q) A

where a, = t, tanh ™ (oy,/ty), k= 1,2.

Proof. Define g(x) = > ;> [(Xx ®n® ). Bearing in mind that

JxPa)= Zf((x@n@a)@a): Zf(x@(n—i—l)@a):g(x)

nez?2 nezz2

it follows that ¢ is an a-periodic function. Moreover, since f is integrable, the function g is defined
almost everywhere and integrable over [0, a;] X [0, as] and satisfies

19122 Qaiy S W llLree )
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Therefore, we can expand ¢ in terms of its quaternion hyperbolic Fourier series given by
m1 5 m2
gx) = D e gy 0 (32)
meZ2
where the coefficients a,, are computed as

1 o a2 —27ri£1% —2m, _]72 =
O = e =1 g(x)e 22 dy(x). (33)
0 0

aq Oy

Bearing in mind that is an average integral, the normalization constant that appears outside
the integral comes from

a1 a9 X
1d =t tanh ™! (==
/0 /O p(x) = t1 tan <t1>

1 R —2rig; =L —2mjz, 2
m = e e d
a oo / / e 1 E fxdn®a)e 2 dp(x)

nez?

N // B fx@n @ a)e e dp(x),

@y Qy

To=aso
= 7 Q5.
=1=2

x2=0

r1=01 T
tytanh™? (t—2>

z1=0 2

Therefore

Making the change of variables x & n ® a =y, we get

1 (mA)@ar  plnetl)®ez o my ni®a; ™
e L [ [T e i

Qy Oy nez2 1Qa1 2®@a2

—2mjy, o2 —2mjna@az T2
)

X e
Since
N @ oy =y, tanh ™! <%;ak>
— ) tanh ™! (tk tanh (n tanh” (o) )
i

=nra,, k=12

we obtain
e_2wq%a}’: — e 2manEmi 1, k=1,2.

Hence

1 —omiy ML Coriy T2
m = / e e f(y)e e duy)
RQ

mqi Mo
- L e (T2,
Qg Q9 QH(f) Q; Qo
Finally, from (32)) we get
1 2riz, L my M2\ 2rjz, 22
9(x) = B Fon(f) (5, 22 )i
Qy Oy meZZ? oy Oy
which gives the desired result. O
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It turns out that formula also works for f € Ll(R?th,]H[), provided that both infinite sums
are absolutely convergent. Furthermore, we can change ® to © on the right-hand side of due
to the symmetry of the lattice Z2.

The Wiener space arises naturally in the treatment of periodic functions.

Definition 3.2 (Wiener space). The Wiener space W = W(]tht?) is the space of functions g €
L>(R?, ,,) such that

lgllw = Z esssup |[g(x ©n)| < oo, (34)

nez2 €
where n = (t; tanh(ny /t1), to tanh(ns/ts)).

Functions in W are locally bounded and are globally in ¢!(H). This space can be generalized to
the so-called amalgam spaces by using norms to control local and global behaviour independently
(see [17, B0] and elsewhere).

Using the characteristic function of a set, the norm can be written as

lgllw = 37 1T 9 xall ez, - (35)

nez?

The Wiener space contains all bounded functions with compact support and is therefore a dense
subspace of LP(R7, ;) for each 1 < p < oo.

Before we proceed further, we give a fundamental result about the boundedness of a function in
the Wiener space, which we formulate in a preliminary lemma.

Lemma 3.3. If g € W(R? ,)), then

1 1
ess sup Z lgxon®a)| < <a_ + 1) <a_ + 1>||9HW-
=30 =2

2
XERtLtQ nez?

Proof. First we observe that any interval inside R,,, k& = 1,2, with unit hyperbolic length 1=
tp tanh(1/t;) contains at most ;' + 1 distinct points of minimum distance ay between each other.
In fact, being [ the number of such points, we have the relation

= t; tanh L
=TT D

from which we get

1 1
tktanh_l (?—:) :mﬁgk:mﬁlzggl—l—l

Thus, the rectangle Q dm = [m, m/l\—l—/l] X [ma, m/2\—|—/1], m € 7%, contains at most (a; ' +1)(ay ' +1)

points of the form x ® n ® a, n € Z?, independently of x € R, ,,. Therefore,

Y lxonwa)< Y (i+1)(i+1) sip |gxen®a)

o o e
nez? ez2 —1 =2 xonga € Qom

1 1 Z
1)( 1) .
(041 0 1T 9 xcl

meZ2

1 1
= (= +1) (== +1) llghw-
ay Qy
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4. The structure of quaternionic hyberbolic Gabor frames

In the previous section, we explored the reconstruction of a signal from its continuous QHWFT.
For practical applications, however, it is crucial to translate these results into a discrete setting,
which involves expanding the signal using a countable subset of space-frequency shifts of the win-
dow function. This transition requires replacing integrals with sums and utilizing coefficients on a
sufficiently dense lattice. This approach leads us to the concept of quaternionic hyperbolic Gabor
frames.

In what follows, let g,y € L*(R7 ,,) be nonzero real-valued window functions and let the lattice
parameters o = (al,ag) € ]Rt 1+, be such that 0 <y <t and 0 < ap < t2, and ,8 (B1, B2) € R?

with (1,8, > 0. For convenience, we use the intrinsic variable 6 (1/51, 1/52) € Rt21 .
1/6k =ty tanh (1/(Bktk)>7 k= 1,2

The following statements contain the definitions of a quaternionic hyperbolic Gabor system and
correlation function.

where

Definition 4.1 (Quaternionic hyperbolic Gabor frame). The set of hyperbolic space-frequency shifts
defined by

g(ga OL,,B) = {MBan®a9 T m,nc Z2},

where Bm = (ymq, fams), is called a quaternionic hyperbolic Gabor system. It is a frame for
L*(R? ,,. H) if there exist real constants A, B > 0 such that

AHfHL2R2 m = Z ‘(f>MBTn®ag)|%2(R2

t1,tg? 71t M

) < BIFIZe e

1,97 H)
m,nez?

for all f € L*(RF ., H).
Definition 4.2 (Correlation function). Let m € Z2. The function Gy, defined by

Gm(x):Zg(x@n@a@m@é)v(x@n@a) (36)

nez?

is called the correlation function between the window functions g and .
The following result gives a boundedness property of the correlation function in LOO(]R,?1 1)
Lemma 4.1. If g,y € W(R}, ), then Gm € L®(R}, ,)). Further, we have

1 1
> Gl < (5 +1) (5

meZ? =1 =2

1) @18 + L8] + 1) lglhw 1w

Proof. Since T30l < gl ) 7w it follows that 7,507 € W(ES,). Applying
Lemmato T a5 97 We get

1 1
1Ganll ez, < (= +1) (= + 1) T3 97 -

(&3] (6%
Hence,
> 6wl < (1) (1) 2 Wmeg 97l
meZ? me7Z2

I
/N

“ 1) 20 3 I Ts59 ) (Tiy Xa)lime,

meZ2 nez?

+1) S (X 1Ta e oxelle) 1757 xallime, ) (37)

ncZ? meZ?

+

[
N——
/N

L@|H|§|H|§|H
+
—_
SN~——~
A~

Blm B~ B~
+

(AN
—
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We proceed to estimate each term in the inner sum as follows:

||T ®59XQHL (R 1) = €ss sup |9(X)| < Z ||T29XQ||LOO(R§M2)>
XEmEBENGQ L€lm

where
In={cZ> meBonoQ N £oQ +0)}.

To count the cardinality of the set I, we first solve the condition 0 < |my, @ I/\B;| <1, for my € Z,
where 1; = t; tanh(1/t;), kK = 1,2. After some manipulations, we find

— —_—~—

1 ~
0 < |my @ ﬁ_l <1 & 0< |my|tanh™ <—
k
which is equivalent to
0 < |mi| < Br.

Since the lasts conditions are now stated in R, there are 2| 5 |41 indices that satisfy these conditions.
Consequently, the cardinality of the set Iy, is (2 81] 4+ 1)(2|f2]) + 1). Therefore, we get

S I Ta T 9 Xallimz ) < @L81 + D@L+ D) Y I1Trg xall ez )

meZ? Lez?
= 2[5 + 1)(2[82] + Dllgllw (38)
independently of n € Z2. The outer sum in gives ||v]|,,. Finally, putting the estimate into
([B7), the statement of the result follows. O

4.1. Boundedness results for the hyperbolic quaternionic frame operator

Building upon the reconstruction formula and replacing the integrals with sums, we next
define the quaternionic hyperbolic frame operator generated by a general lattice.

Definition 4.3 (Quaternionic hyperbolic frame operator). Let f € L*(R} ,,,H) and let g,v €
LQ(Rf1 tg) be non-zero window functions. The quaternionic hyperbolic frame operator ng associated
with the analysis window g and the synthesis window v is defined by

f Z Z ,ﬁm Mﬁm<f Tn®a9>))Tn®a77 (39)

meZ2 neZ?

where M' is defined in (19).

The following theorem gives a representation of the quaternionic hyperbolic frame operator purely
in terms of the correlation function G (x) defined by (36)).

Theorem 4.1 (Walnut’s representation). Let g,y € W. For any f € L*(R} ,,,H) the operator SI
can be written as

=(B182) " Y G Tons f

meZ2

Further, this series converges absolutely in LQ(Rfl,tz).
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Proof. For every f € L*(R} ,,,H), we have

E(Mpm(f Tagag)) = / emaAm f(x)g(x ©n @ a)e HERM du(x) € (*(H).
RQ

t1,t2

By the quaternionic hyperbolic Poisson summation formula for the ts-QHWET, it follows that

j{: xﬁnl A4b“&j7fh®ag))

meZ2

= (B182) ™" Y (f Tagag)(x e m e B).

nez?
Therefore, the quaternionic frame operator becomes
SEF=3 (Y (s fxemefgxonzacmef))y(xonea).
n€zZ? mez?

Assuming that f has compact support, the sum over m is finite for a fixed = € thm, SO we can
interchange the order of summation. Thus, we get

= (B1B2)” Z(Z X@n®a@m®6) (x@n@a))f(x@m@,g)

mcZ2 neZ?

=(B182) " Y G5 f:

mecZ32

which shows that the statement holds for functions with compact support.
The extension to L? follows by density arguments. This completes the proof of the theorem. [

From Theorem 4.1} and Lemma we can obtain the LP-boundedness of the quaternionic frame
operator for 1 < p < oo. We have

157, i, 0 < (1) 2 NG oo o
meZ2
< (B S N Gumllieizs ) oo Flisz o
meZ2

< (Buf2)” (_ +1) (Q%H)(zmm( L8]+ Dlglhwlivlio s, .

Our present concern is with the orthogonal properties of the quaternionic hyperbolic frame op-
erator in the space L*(R7, ,,, H).

Theorem 4.2. Let g,v € W. Let QE be a two-dimensional rectangle with side-lengths 1751 and 1752
and let Gpn be given by

Gen(x) =Y g(xoL@BOor®a)y(xoneBorea).

reZ?

For all f,h € L*(R, ,,,H), we have

(SIf h)re (®R2, ., = (B1B2)” Z Gen(x) Tyo f(x) Tz M(x) dpu(x). (40)

enez2 Y95
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Proof. First, we assume that f and A are bounded and have compact support. Hence, the functions
Tm®5 f and Tm®ﬁ h with m € Z? have compact support. By Theorem and Lemma we get

(S, Sy I h) e (R, ,, H)

= (B182)” /}R2 Z Cen(x) f(x ©m ® B) h(x) du(x)

t1,ta meZ?

= (B1B2)” / ZZG xon®P) f(xom+n)®B)h(xon® B)du(x).

B neZ2 meZ?

Due to the compact support of the functions, the sums over m and n are finite. Making the change
of variable £ = m + n and using the fact that Gi(x ©1n ® B) = Gminn(X), we obtain

(S f R pagua ) = (Bi) /Q S Gonl%) Tyuy £(x) Ty hX) dp(x). (11)

B nLeZ?

For the extension of to arbitrary f,g € L*(R} ,,,H), we introduce the matrix operator G(x),
x € R ,,, acting on finite sequences ¢ = (c¢)gez2 by the matrix multiplication

= Z G&H(X)Cg

If g, € W, then each G(x) satisfies the conditions of Schur’s Test |21, Lemma 6.2.1]. Thus, we get
Y Gen®) <D Y lgxoteBorea)lh(xeneBore o)
£ £ r

:Z<Z|g(x@£®5@r®oz)|)h(x@n®5@r®a)|

1 1

< (= +1) (= +1) B+ DG+ D lglhy 1l
@y (63

A similar estimate holds for 3~ |Gien(x)|. Hence, G(x) defines a bounded operator on (7, 1 < p < oc.

If f,h € L*(R? ,,), then both sequences {f(x © £ ® B),£ € 7%} and {h(x S L ® B),£ € 72} are in
¢*(H) for almost all x € Rtl t,- Lhus, the matrix representation holds. ]

Remark 4.1. If g,y € L*(R ,,), then T, 59,T, .57 € L'(R} ,,) and so Gen(x) € L'(Qa) for
all ,n € 72. Therefore, . holds whenever f and h are bounded and have compact support
inside R} , . Further, if g =, then G(x) defines a positive operator, i.c., (G(x)c,c)p > 0 for all
¢ = (Ca)uizn € (H).

In the following, we prove some results about the boundedness and invertibility of the hyperbolic
quaternionic Gabor frames.

Theorem 4.3. Let g € L*(R, ) and let I denote the identity operator in ¢*(H). Then

(a) S}, is invertible on L2(Rt21 1,» H) if and only if there exists a constant a > 0 such that G(x) > al
for almost all x € R, .

(b) S, is a bounded operator on LQ(R?1 1> H) if and only if there exists a constant b > 0 such that
G( ) < b for almost all x € R .
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Proof. For simplicity, we prove only the first statement. The proof of the second statement is similar.
Assume that G(x) > al. Then for every f € L>°(R? , /H) with compact support, we have

1,27

Y Gen T NTLT| 2 Y T
Zn n
Integrating over (), by Theorem 4.2, we obtain
B

(Sﬁgf, f>L2([Rfl’t2,H) > a(5152)_1/Q Z T f (x)? du(x)
A n
= a(B8) " I o sy

By using density arguments, the statement holds for all f & LQ(]RthQ, H). Hence, Sgg is invertible.

Conversely, if ng is not invertible, then there exists a sequence of bounded functions (fx)ken
with compact support such that

(ngfmfk)Lz(Rgm,H) < (1/k)kaH%2(R§1’t2,H)'

By Theorem it follows that

/@ (3 S Iixem)P = (5162) " Y Gunnfilx ©m) G o m)) da(x) > 0.

Therefore, there exists a sequence of sets E) C ng with positive measure and such that for x € E,,
holds

% S lfxem) =Y Gunfe(x ©m)fi(xS&n) > 0.

Hence, we get

inf (G(x)c,c)p < b1z

llellZ, <1 k

for x € Ej. But a uniform inequality a/ < G(x) cannot hold for almost all x. The result follows. [

Lemma 4.2. If S is bounded, then

9,y

(Sfyf, h)L2(R§1’t2,H) = (/8152)_1(2 Gme®§> h)m(Rflm,H)

for alln € Z* and all f,h € L°°(R?

t1,t27

H) with compact support.

Lemma 4.3. If SI is bounded, then

|Gl oo (m2 ) < Bib 1S 1[op

tq,t

or all m € Z?, where || - ||o, denotes the operator norm.
P
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Proof. Let f, h € L"O(R?1 1> H) with support in Qp and n, £ € Z2. Due to the boundedness of S;{w
we have

|(Sgr Tosg [ Togp ezl < 1Sghllop 12z, , sy 1PNl 2, , m)- (42)
By Lemma we obtain
H
(S £®5 5 n@B h)L2(Rz gl 6152 < Z Gm m®ﬁ e®ﬁ f) nwp h) L2(R2 , H)
meZ2 RREN
(Blﬁ2 ( Z G Terg ®[3f n®ﬁ >L2(R? . ,H)' (43)
mEZQ 1,%2

Since the supports of Tm+£)®§ f and Thop h are generally pairwise disjoint, only the term m+£€ =n
and , we get

31627 [ Guelx @ 1@ B) £ TG0 dn(x) < 1157 o 11s
Qs

survives. Combining

o lhllegs e (49)

t1,t2°

for all f,h € L>*(R7 ,,,H) C L*(R7 ,,,H) and all n,£ € Z*. A density argument applied to
extends the inequality to f,h € LQ(Q@ H), and we have

(B185) " esssup |G (x © (m @ £) @ B)| < [|S7% llop

XEQE
for all £ € Z?. Thus,
||Gm||L°° (R, +,) S 5152 ||557H0p-
This completes the proof of the statement. m

4.2. Janssen’s representation of the quaternionic hyperbolic frame operator

Walnut’s representation of the quaternionic hyperbolic Gabor frame operator treats modulations
and translations differently, leading to formulas that lack invariance under the FT. In contrast,
Janssen’s representation gives a more symmetric representation of the quaternionic hyperbolic Gabor
frame operator.

We proceed to compute the £-th discrete QHF'T coeflicients of G, using :

Gun(®) = (01 02) ! / I G() ¢ ()

= (ay ag) ! E(Me/g(Tm®§ ),
where (Tm®5 g)7y denotes the pointwise multiplication operator of both functions, i.e.,
X = (Thep 9)7)(x) = Thep 9(x) 7(x). (45)

By Lemma [4.2] Gy (x) has the following Fourier expansion in L*(Qq):

§ \w

_ 27r1:p1— 2mj xo
Gm(x) = (a1 a9) ™' > € L E(Myyo(Ty059)7)e oy (46)

Le72
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which coincides with the quaternionic hyperbolic Poisson summation formula .
Since the series in may not converge for general g,y € L? (thb), we are going to use condition
(A’) of Tolimieri and Orr [43].

Definition 4.4 (Condition (A’)). Let the lattice parameters a = (a1, ) € R | be such that
0<a; <ty and 0 < ay <ty, and B = (B1,B2) € R? with B1,Bs > 0. A pair (9,7) of real-valued
functions in L*(Rf, ) satisfies condition (A") for the parameters o, B if

Y | EMeya(Tpe59)7)] < oo

£,m

Replacing Gy, (x) in Walnut’s Representation Theorem and using condition (A’), we obtain
the following representation of va.

Theorem 4.4 (Janssen’s representation). Suppose that the pair (g,7y) satisfies condition (A’) for a
given choice of the parameters o, 3. Then

_ 2mix L 2mjx 1o
SHf=(naapiBo)™ Y € TUEMya(Tpes)ve 2 Tposf (47)

£,m¢cZ?
with absolute convergence in operator norm.

While by definition, the quaternionic hyperbolic frame operator (39) is an expansion where f oc-
curs in the frame coefficients, in Janssen’s Representation, the quaternionic hyperbolic frame operator
is a linear combination of hyperbolic space-frequency shifts of f.

4.3. Wezxler-Raz biorthogonality

The following result gives the relativistic counterpart of the Wexler-Raz biorthogonality condition
for the quaternionic hyperbolic frame operator.

Theorem 4.5 (Wexler-Raz biorthogonality). Let Sy, and S, 4 be bounded operators on L*(R7, ,,,
Then the following conditions are equivalent:

1. Sgny =Sy g=1 on L*(R} ,,,H),
2. (o g By 52)_1E(M4/Q(Tm®ﬁ 9)7) = 0000m.0, for all £, m € Z>.

Proof. 1.= 2. 1f S, = S, ;= I, then for arbitrary f,h € L*(Qz,H) and £,n € 72 we have

H).

6€,n(f7 h>L2(QB,H) = (SgﬁTZ@)E e Tn@)ﬁ h)LQ(QE,H)
- (5162)_1< Z Cmlininos /- Tuep h)

meZ?2

= (5152)_1(Gn_ng®5 [ Thep h)L2(Q§,H)
= (5182) (T3 Guo) ], h)L2(qzm),

L2(QE,H)

where in the third equality we have used the argument that the supports of T(m +0)2h f and Tn@Eh
are generally pairwise disjoint, and therefore, only the term m + £ = n survives. Considering density
arguments, this equality extends to all f, h € LQ(Q[;). Therefore, it holds

(B1B2) 'Gnre(x®n® 5) = 0¢n
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for almost all x € (3. In particular, it follows that (B182)1Go(x) = 1 and Gp(x) = 0 if m # O for
a.e. x € R? , . Since G € L®(Qq) has the Fourier series

_ 2miz; L 2mj
Gin(x) = (1 a2) ™ S N B(Myyu(T59)7)e ™ 222,

£Le72

§ \w

by the uniqueness of the Fourier coefficients, we obtain

(a1 s b1 B2) " E(Meja(Te5 9)7) = 0e.00m,0

for all £, m € Z>.

Now, we prove the converse 2. = 1. If 2. holds then the pair of window functions (g, ) fulfils the
condition (A’). Thus, the Janssen’s Representation (47) of S;°, converges in the operator norm, with
Sg,y = I. This completes the proof of the theorem. n

We end this section with the following theorem.

Theorem 4.6. Let g € L*(R?

t1,t2)

H). A quaternionic hyperbolic Gabor system

G(g, 0, B) = {Mpa()Te59 : m,n € Z7}

of operators acting on (*(H) is a tight frame if and only if G(g,1/8,a) is an orthonormal sys-
tem, where 1/3 = (1/51,1/52) and ¢ = (1/%,1/%). Further, the frame bound A satisfies
A= (ﬂ %5162)—1 ||g||%2(]1g%1 1o )

Proof. By hypothesis, we have (1/A) S¥ = I. Putting 7 = (1/A)g in 2. of Theorem we get

1
(a1 @281 B2) ™ = E(Meja(Try059)9) = 02.00mo-

In particular, for £ = n = 0, it follows that
1 2
(@ asfip) [ 9GOP dux) = 1.
Rflvfz

Thus, A = (a1 o f152)7" ||9HL2(R2 o H) for the frame bound.

Conversely, if G(g,1/3,a) is an orthonormal system, by Janssen’s Representation, we obtain
St = (oa 00 518 ol ]

Thus, G(g,«, ) is a tight frame. The statement of the theorem is thus established. m

5. Application of the ts-QWFT

This section highlights an application of the ts-QHWEFT which underscores the relevance of the
proposed transform, particularly in the analysis of two-dimensional linear space-varying hyperbolic
systems (SVHSs). We can consider the ts-QHWFT as an SVHS band-pass filter element of a filter-
bank spectrum analyzer. As a result, the spectrum obtained by the ts-QHWEFT can be interpreted
as the output of such an SVHS band-pass filter element. An example is given to illustrate the
applicability of our results.

25



Definition 5.1. Let f be a quaternion-valued input signal in thlh. Consider a two-dimensional
SVHS denoting the quaternion impulse response filter. The output response r of the system is defined

by

r(b) = / ) h(b. b & x) du(x),

t1,to

where b € R%,tz' Further, the transfer function H of the SVHS impulse response filter h is defined
as

H(w,b) = / 6_2”@1“’1h(b,x)e_%jg?“’2 dp(x).
]RQ

t1,to

The following theorem relates the ts-QHWEFT to the output of a two-dimensional SVHS band-pass
filter.

Theorem 5.1. Let g be a non-zero real-valued window function and consider a two-dimensional
SVHS with quaternion impulse response filter hy with respect to g defined as

hi(b,x) = e MhmEm) g(ox) e 2miba(020m2) - x € R . (48)

Let the input to this system be the hyperbolic quaternion signal f such that fi =1if. Then the output
r of the system is equal to the ts-QHWFT of the input signal f on the point (b, b) of the phase-space.

Proof. Replacing h; defined in in Definition , and using the fact that fi =if, we have

ri(b) = / e 2mhEEn) £ () g(x & b)e 2 222E2) g (x)

t1,to

= [ e pdglx o b)e I

= Q,f(b,b).
[l

For another choice of impulse response filter we can relate the output response of the SVHS with
the ts-QHFT.

Theorem 5.2. Consider a SVHS band-pass filter with the quaternion impulse response
h2<b7 X) = 6_27rié1(bl@7$1) 6_27Tj92(b2@7332)7 b’ X € Rl?l,tg' (49)

If the input to this system is the hyperbolic quaternion signal f obeying fi = if, then its output is
equal to the ts-QHFT, i.e.,

ro(b) = /}R2 f(x) ha(b,b e x)du(x) = Fou(f)(b).

t1,ty

Example 5.1. Giwen the SVHS filter and the signal f defined by

e—£1+£2’ Zf (x17x2) € [O,tl) X [0,t2)
fx) = :
0, otherwise
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then from Theorem [5.9 the output r2(-) of f is given by

Tg(b) = / 672“@121 6*@1+§2) 6*27"-1 by, du(x)
R

ty,to

2
t1 to . j
= / / 67£1(172ﬂ-191) 67£2(1*27T.]b2) d/’l’<x)
0 0
-1 —1

1—2mib, 1 —27jb,
1
1= 27ib, — 27j by 1 472b,byk
14 27ib, + 27j by — 4n2b,byk
1+ (27by)? + (27by)? + (472by by)*

6. Conclusion

In this work, we introduced the hyperbolic counterpart or the two-sided QWFT for quaternion-
valued signals defined in an open rectangle of the Euclidean plane, equipped with a hyperbolic
measure. The main properties and theorems associated with the two-sided QHWFT are given, in-
cluding modulation, hyperbolic translation, hyperbolic dilation, Moyal’s identity, and an inversion
formula. By introducing the relativistic counterpart of the quaternion Wiener space and using the
quaternion hyperbolic Poisson summation formula deduced in this paper, we obtained Walnut’s and
Janssen’s representation theorems for the quaternion hyperbolic frame operator, as well as quater-
nionic versions of the Wexler-Raz biorthogonality and Ron-Shen duality. A thorough investigation
of the characterization of quaternionic hyperbolic tight Gabor frames is also presented. As an appli-
cation, we demonstrate the use of the ts-QHWFT in analyzing two-dimensional linear space-varying
hyperbolic systems that illustrate the applicability of our results. The results of this work can be
extended to encompass quaternionic window functions, as was done in [32].

7. Acknowledgements

The work of M. Ferreira was supported by CIDMA under the FCT (Portuguese Foundation for
Science and Technology) Multi-Annual Financing Program for R&D Units. The third author’s work
was supported by the Asociaciéon Mexicana de Cultura, A. C.

References

[1] Aldroubi, A., Grochenig, K.: Nonuniform sampling and reconstruction in shift-invariant spaces.
STAM Review 43(4), 585-620, (2001)

|2] Atigh, M. G., Schoep, J., Acar, E., Van Noord, N., Mettes, P.: Hyperbolic image segmentation.
In: 2022 IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR), 4443~
4452 (2022)

|3] Bahri, M., Hitzer, E., Hayashi, A., Ashino, R.: An uncertainty principle for quaternion Fourier
transform. Comput. Math. Appl. 56(9), 23662379 (2008).

[4] Bahri, M., Hitzer, E.; Ashino, R., Vaillancourt, R., Windowed Fourier transform of two-
dimensional quaternionic signals. Appl. Math. Comput. 216, 2366-2379 (2010)

27



|5] Bahri, M., Ashino, R.: Two-dimensional quaternionic windowed Fourier transform. In: Nikolic,
G. (ed.) Fourier Transforms-Approach to Scientific Principles, pp. 247-260. IntechOpen, London
(2011)

|6] Biilow, T.: Hypercomplex spectral signal representations for the processing and analysis of im-
ages. Ph.D. Thesis, Institut fiir Informatik and Praktische Mathematik, University of Kiel,
Germany (1999)

|7] Cerejeiras, P., Hartmann, S., Orelma, H.: Structural results for quaternionic Gabor frames. Adv.
Appl. Clifford Algebras 28(5), Article Number: 86 (2018)

|8] Chen, L. P.; Kou, K. L., Liu, M. S.: Pitt’s inequality and the uncertainty principle associated
with the quaternion Fourier transform. J. Math. Anal. Appl. 423(1), 681-700 (2015)

[9] Cheng, D., Kou, K.I.: Plancherel theorem and quaternion Fourier transform for square integrable
functions. Complex Var. Elliptic Equ. 64(2), 223-242 (2019)

[10] Christensen, O.: Frames and bases - an introductory course. Springer Science + Business Media,
Berlin, Heidelberg (2008)

[11] Duffin, R.J., Schaeffer, A.C.: A class of nonharmonic Fourier series. Trans. Am. Math. Soc.
72, 341-366 (1952)

[12] El Kassimi, M., Fahlaoui, S.: The two-sided Gabor quaternionic Fourier transform and un-
certainty principles. In: Dos Santos, S., Maslouhi, M., Okoudjou, K. (eds.) Recent Advances in
Mathematics and Technology. Applied and Numerical Harmonic Analysis, pp. 3-19. Birkh&user,
Cham (2020)

[13] Ell, T.: Hypercomplex spectral transformations. Ph.D. thesis. University of Minnesota, University
Microfilms International Number 9231031 (1992)

[14] Ell, T.: Quaternion-Fourier transforms for analysis of two-dimensional linear time-invariant
partial differential systems. In: Proceedings of the 32nd IEEE Conference o nDecision Control,
pp.1830-1841 (1993)

[15] Ell, T.A., LeBihan, N., Sangwine, S.J.: Quaternion Fourier transforms for signal and image
processing. John Wiley and Sons, New York (2014)

[16] Fei, M., Xu, Y., Yan, J.: Real Paley-Wiener theorem for the quaternion Fourier transform.
Complex Var. Elliptic Equ. 62(8), 1072-1080 (2017)

[17] Feichtinger, H.G.: Banach convolution algebras of Wiener type. In functions, series, operators,
Vol. I, IT (Budapest, 1980), pp. 509-524, North-Holland, Amsterdam (1983)

[18] Ferreira, M., Morais, J.: Quaternion hyperbolic Fourier transforms and uncertainty principles.
Complex Anal. Oper. Theory 18(16) (2024)

[19] Fu, Y., Kéhler, U., Cerejeiras, P.. The Balian-Low theorem for the windowed quaternionic
Fourier transform. Adv. Appl. Clifford Algebras 22, 1025-1040 (2012)

|20] Fu, Y., Li, L.: Paley-Wiener and Boas theorems for the quaternion Fourier transform. Adv.
Appl. Clifford Algebras 23, 837-848 (2013)

[21] Grochenig, K.: Foundations of time-frequency analysis. Springer Science and Business Media,
Berlin (2001)

28



22]

23]

[24]

[25]

[26]

[27]

28]

[29]
[30]

[31]

32|

[33]

[34]

[35]

[36]

[37]

38

[39]

Han, D., Larson, D.R.: Frames, bases and group representations. Memoirs of American Society
(2000)

Hartmann, S., Quaternionic Gabor expansion. Technische Universitdt Bergakademie Freiberg,
Freiberg (2015)

Hartmann, S.: Some results on the lattice parameters of quaternionic Gabor frames. Adv. Appl.
Clifford Algebras 26, 137-14 (2016)

Hartmann, S.: Relazed quaternionic Gabor expansions at critical density. Math. Methods Appl.
Sci. 40(5), 1666-1678 (2017)

Hitzer, E., Mawardi, B.: Uncertainty principle for the Clifford geometric algebra based on Clifford
Fourier transform. In: Qian, T., Vai, M.I., Xu, Y.(eds.) Wavelet Analysis and Applications,
Applied and Numerical Harmonic Analysis, pp. 45-54. Springer, Berlin (2006)

Hitzer, E.: Quaternion Fourier transform on quaternion fields and generalizations. Adv. Appl.

Clifford Algebras 17, 497-517 (2007)

Hitzer, E.: Directional uncertainty principle for quaternion Fourier transforms. Adv. Appl.
Clifford Algebras 20(2), 271-284 (2010)

Hitzer, E.: Quaternion and Clifford Fourier transforms. CRC Press, Boca Raton (2022)

Holland, F.: Harmonic analaysis on amalgams of LP and ¢4. J. London Math. Soc. 2(10), 295
305 (1975)

Kamel, B., Tefjeni, E.. Uncertainty principle for the two-sided quaternion windowed Fourier
transform. Integral Transforms Spec. Funct. 30(5), 362-382 (2019)

Li, J., He, J.: Some results for the two-sided quaternionic Gabor Fourier transform and quater-
nionic Gabor frame operator. Adv. Appl. Clifford Algebras 31(1), Article number: 1 (2021)

Li, Y.Z., Zhang, X.L.: Quaternionic Gabor frame characterization and the density theorem.
Banach J. Math. Anal. 17, 64 (2023)

Li, Y.Z., Zhang, X.L.: Quaternionic subspace Gabor frames and their duals. Adv. Appl. Clifford
Algebras 34, Article number: 38 (2024)

Li, Y.Z., Zhang, X.L.: Characterization of rationally sampled quaternionic dual Gabor frames.
Math. Methods Appl. Sci. 47(2), 1095-1112 (2024)

Li, Y.Z., Zhang, X.L.: The duality principle and biorthogonality relation on quaternionic Gabors
ystems. J. Fourier Anal. Appl. 31, Article number: 39 (2025)

Lian, P.: Uncertainty principle for the quaternion Fourier transform. J. Math. Anal. Appl.
467(2), 1258-1269 (2018)

Mawardi, B., Hitzer, E., Hayashi, A., Ashino, R.: An uncertainty principle for quaternion
Fourier transform. Comput. Math. Appl. 56(9), 2411-2417 (2008)

Mejjaoli, H.: Paley- Wiener theorems for the two-sided quaternion Fourier transform. Adv. Appl.
Clifford Algebras 27, 1611-1631 (2017)

29



[40] Morais, J., Ferreira, M., Hyperbolic linear canonical transforms of quaternion signals and un-
certainty. Appl. Math. Comput. 450, 127971 (2023)

|41] Shapiro, M., Tovar, L. M.: On a class of integral representations related to the two-dimensional
Helmoholtz operator. Contemp. Math. 212, 229-244 (1998)

[42] Strohmer, T., Heath Jr., R.W.: Grassmanian frames with applications to coding and communi-
cations. Appl. Comput. Harmon. Anal. 14, 257-275 (2003)

[43] Tolimieri, R., Orr, R.S., Poisson summation, the ambiguity function, and the theory of Weyl-
Heisenberg frames. J. Fourier Anal. Appl. 1(3), 233-247 (1995)

[44] Yang, Y., Kou, K.: Nowel uncertainty principles associated with 2D quaternion Fourier trans-
forms. Integral Transform. Spec. Funct. 27(3), 213-226 (2016)

[45] Zou, C., Kou, K., Morais, J.: Prolate spheroidal wave functions associated with the quaternionic
Fourier transform. Math. Methods Appl. Sci. 41(11), 4003-4020 (2018)

30



	Introduction
	Preliminaries and terminology
	Hyperbolic tools
	Quaternions, quaternion modules, and the two-sided QHFT
	Frame theory revisited

	The ts-QHWFT
	Definition and examples
	Properties
	Quaternionic hyperbolic Gabor frames

	The structure of quaternionic hyberbolic Gabor frames
	Boundedness results for the hyperbolic quaternionic frame operator
	Janssen's representation of the quaternionic hyperbolic frame operator
	Wexler-Raz biorthogonality

	Application of the ts-QWFT
	Conclusion
	Acknowledgements

